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SUMMARY

The general problem of dynamic population interactions between
commmnities is mathematically formulated according to certain concrete
and fundamental conservation principles and plausible and realistic
potential and constitutive laws. It is shown that the formulation
leads to a system of coupled, non-linear, ordinary first order dif-
ferential equations which can be numerically integrated by classical
techniques for the prescribed initial conditions. A plausible hypo-
thetical problem about two initially underdeveloped conmumities is in-
vestigated under the influence of the external surroundings to the
system; and the numerical solutions to the problem, representing the
living conditions of the communities for all time, are presented. It
is clearly established that the quantitative levels for tﬂe living
conditions of the residents, the population densities and the migration
phenomena between the totality of the commmities in the system are
all significant factors which control the population growth in any
single community. Hence, it is concluded that the future human habita-
tion problems of a commmity of interest cannot be predicted correctly
without simultaneously taking into consideration the same problems in

all the commmities which are interacting in the complete urban system.



INTRODUCTION

It is univocally accepted that the totality of our present environ-
mental problems are directly related to the populations and the associated
living conditions of the residents of our urban commmities. It is also
realized that one of the fundamental reasons which led to the creation of
these problems was the constant neglect of the essential quantitative
mathematical modeling for predicting the human habitation phenomenon in
the planning and the development of residential communities for the future,

In the last ten years, after the introduction of high speed digital
computers for the analysis of vast amounts of available data, numerous
studies were made for the creation of mathematical models for urban plan-
ning and development. An extensive survey of these investigations, which
cover a wide spectrum of the pertinent effects that control the develop-
ment of metropolitan commmities, was edited by Hemmens [1].1

At present, the mathematical treatments of the problems associated
with urban populations are generally separated into two basic categories.

The more popular and relatively more sophisticated '"statistical ap-
proach" is mainly concerned with predicting the future trends of the be-
havior of populations based on the analysis of the pertinent, observable
data which are continuously compiled at the particular locations of the
commmities. The extensive data for populations and population growth
rates of the continents, the nations, the national geographical regions,
the large metropolitan areas and the small urban commmities, together
with the discussions about the methods of analyses of the data, are docu-

mented in various references, e.g., [2], [3], [4], [5].

1Numbers in brackets designate similarly numbered references at the
end of the paper.



The mathematical field of statistical analysis has attained such ad-
vanced levels of sophistication today that any type of extrapolation from
a given set of population data can be accomplished to any possible degree
of accuracy. However, since there exists a vast number of variables, de-
pending on the human attitudes, environmental factors, etc., which affect
the human habitation phenomenon, any prediction about the outcome of the
population of a community, based solely on the previously compiled popula-
tion data, may be grossly erroneous in representing the actual outcome of
the population variations of a commmity. Without the existence of a
plausible mathematical theory which can incorporate these pertinent ef-
fects, the results of the statistical extrapolations can only be valid if
these additional variables and parameters remain constant during the com-
pilation of the data and also during the period of interest for which the
predictions are required. However, if these values change, which is indeed
the more realistic case in our complex society, then the previously ob-
tained statistical data camnot be employed for future predictions. Indeed,
it becomes necessary to compile sufficient amounts of data under the newly
established conditions before attempting to make any prediétions for the
outcomes. Consequently, the statistical analysis by itself becomes a
rather inefficient, time cgnsuming and expensive method of predicting the
populations for the plamning and the development of urban communities.

The less popular but historically older "analytical methods' are
primarily based on the calculation of population growth of commumnities ac-
cording to the classical mathematical equations of Biophysics. This ap-
proach which is considerably more popular among ecologists and biologists
(Kormondy [6,7], Sauvy [8], Hazen [9], Bailey [10]) was first introduced
by Verhulst [11] and later independently by Volterra [12,13] and Lotka



[14,15] for the analysis of the local population growth problems in lower
evolutionary level biological species. The mathematical systems associated
with these theories were extended by numerous authors, e.g., Nicholson [16],
Chapman [17], Slobodkin [18], to incorporate the effects of the environment
and also to a limited extent the possible competition between different
species for existence.

The fundamental mathematical model for the distribution of populations
in space was first introduced by Skellam [19] based on the random dispersal
hypothesis for the migration of the elements of the populations. The sig-
nificant extensions of this theory were later investigated by numerous
authors, Landahl [20,21], Barakat [22] and Thompson and Weiss [23] to in-
vestigate the solutions of the associated mathematical systems which were
considerably similar to the diffusion equations of classical physics. A
recent study by Yuill [24] fundamentally applies the basic concepts of
the aforementioned studies to the analysis of spatial distributions of
population over the residential areas of large metropolitan commmities.

The development of more sophisticated mathematical theories based on
the interpretation of the biological phenomena along the lines of
statistical mechanics was accomplished by Kerner [25, 26, 27, 28, 29].
These papers consider in detail the similarities between the theories of
physics and biology, particularly in conjunction with the continuity
equation for population density and the gradient of population effects
for the migration phenomena of the biological species.

Considering the rather plausible proposition of Rashevsky [30], [31],
[32], that there must exist a wnifying mathematical theory in Biophysics

which could represent the behavior of all biological species regardless of



the evolution level, it is more conceivable that the extension of the
mathematical theories of biophysics would be more successful than a solely
statistical approach in analyzing the human population and habitation
(Ekistics) problems in the commmities of our modern society.

The present status of both statistical and analytical mathematical
theories associated with the modeling of population growth phenomena in
urban communities is considerably inferior to the status of the mathe-
matical theories related to classical physical sciences in view of three
fundamental and significant shortcomings which warrant special considera-
tion.

Firstly, the predictions for the outcome of human populations in a
commmity based on statistical considerations depend extensively on the
amount of compiled data about the particular commmity. At present it
is practically impossible to employ the results of the statistical analysis
of the population of a metropolitan area to predict the outcome in a
new, developing, small urban commmity; and conversely, it is impossible
to employ the statistical results about a small community to predict the
outcome of the population growth in a highly populated citf . Consequently,
the statistical data that is compiled about the human habitation phenomenon
in a commmity is not mivérsally applicable.to all the coommities re-
gardless of the fact that the human behavior patterns of our present
society in general have rather well observed and well classified overall
characteristics.

The second fundamental shortcoming of the presently available mathe-
matical formulations for population analyses, particularly for the analyti-

cal methods, is the necessity to consider a single commumnity without taking



into consideration the interactions of the commmities through the signi-
ficantly important effect of migration of the residents between the com-
mmities. Considering the undeniable fact that the migration of residents
from one commmity to another decreases the population of the former and
increases the population of the latter, any mathematical modeling which
neglects this significant and fundamental migratory interaction effect can-
not be successful in realistically predicting the population trends of ur-
ban commumnities.

It is clearly evident that the human habitation phenomenon does not
solely depend on the population, but probably more significantly on the
average living condition of the human individual in an urban commumity.
Indeed, it is well established that the totality of our social problems
in largely populated metropolitan cities can be attributed qualitatively
to the existence of an inverse proportionality type relation between the
increase of population density and the decrease of level of the living
standard of the residents. Furthermore, the totality of the factors, which
determine the living conditions of an individual as an overall variable,
significantly affect the migratory phenomena between diffefent commumnities.
Consequently, a mathematical theory about the quantitative amalysis of the
populations must necessarily include the quantitative representation of
the living conditions of the individuals of the population as a variable;
and, indeed, it must simultaneously analyze the changes of this variable
together with the ﬁopulation of the communities.

The significance of this effect was first discussed qualitatively by
Lotka [14]; and in a later study by Beckmann [33], the quantitative mathe-
matical formulations of the influences of per capita income and the de-

sirability of location was investigated in conjunction with the population



dispersion problems. Thompson and Weiss [23] introduced a modification in
the form of a functional term in the mathematical theories of Skellam [19]
and Landahl [20, 21] tried to discuss the influence of this term in the
mathematical solutions. However, at present, there exists no theory in
mathematical ekistics which can quantitatively incorporate the average
standard of living of the residents of the communities in the analysis.
This third fundamental shortcoming is of significant importance since

it primarily controls the behavior patterns of the human individual in
our materialistic, advanced modern society.

An alternate approach to the theoretical investigation of the human
habitation phenomena in large urban communities is based on the adapta-
tions of the already established dynamic models in related fields. These
applications which fundamentally employ the well known principles of
feedback-loop models can be formulated for direct computer coding for
the analysis of complex urban problems. The fundamental study by
Forrester [34] discusses in detail the important factors and variables
which need to be considered to have a clear understanding of the problems
associated with a large urban community. Although this study may be con-
sidered as a significant contribution in view of its success in the ex-
tensive application of the digital computer to the analysis of urban
problems, it has a fundamental shortcoming since it clearly neglects
the effects of the changes occuring in other commmities which interact
with the community under consideration through the migratory effects of
of the residents. Indeed, the fundamental assumption of the theory,

""the urban area in its limitless environment' cannot be accepted as

realistic in view of the clearly evident importance of the mobility effect



of the people resulting from the continuously changing living conditions
in all the commmities of our modern society.

The three significant shortcomings of the presently available mathe-
matical theories for the analysis of the human habitation problems apply
to the same degree of importance to the mathematical modeling of the
behavior of the biological species of lower evolution level. In a
recent study by Eraslan [35], a general mathematical theory in Biophysics
was presented for the dynamic behavior of living species which quantita-
tively incorporates the spatial distributions, migratory motions and the
"degree of individual advancement'' of the biological species in the
analysis of populations.

The purpose of this paper is to present a simple, preliminary mathe-
matical theory which can be extended to any desired degree of sophisticated
modeling, to establish the governing mathematical systems based on funda-
mental conservation principles and potential and constitutive laws for the
analysis of the dynamic ekistics problems between urban commmities by
taking into consideration the significantly important factors of inter-
action, migration and the changes in the living conditions of the resi-
dents of the commumities.

DEFINITION OF PERTINENT QUANTITIES AND
MATHEMATTCAL VARTABLES OF THE SYSTEM

As the case for any physical phenomenon, the mathematical formulation
of human habitation also requires the construction of ‘a transformation
model by establishing concrete definitions of the mathematical quantities

as representations of the physically observable characteristic properties



of the general problem.

DEFINITION 1. '"'COMMUNITY Cn" is defined as a region, with either geogra-

phically defined or abstractly specified closed boundaries, where suffi-
ciently countable number of humans reside and exist under certain observ-
able standard of living conditions.

The definition is intentionally stated as general as possible such
that the concept can be employed to represent any habitat regardless of
size, i.e., small towns, counties, large cities or even countries are all
equivalent under the definition of the commmity. For the general formula-
tion of population ekistics problem, it is required that there exists
N > 1 number of distinct commmities Cl’ CZ""’ CN with observable living

conditions for analysis.

DEFINITION 2. "AREA A" of a community C, is defined as the net, measur-
able, geographical or conceptual area which is inhabited and is interior
to the defined closed boundary of the community.

POSTULATE 1. The area A, of a commmity C_, if defined appropriately, re-
mains constant for the analysis of human habitation phenomenon.

The statement of the postulate may be considered as a non-realistic
approximation since the inhabited area of a commmity may change in size
with the changes in the growth of the commmity. However, noting that in
the definition of a conmunity, the clbsed.boundary is quite arbitrary, it
is always possible to describe a sufficiently large area which will remain

constant during the analysis of the development of the commmity.

DEFINITION 3. ''EXTERNAL SURROUNDINGS Co'' is defined as an inhabited region

satisfying the following conditions:
a. Exterior to the boundaries of any community C,»

b. Grossly larger in size than any commmity Cn’



c. Interaction with any commmity C, does not influence any notic-
able observable variations in the behavior characteristics of
the inhabitants of this region.

The part c. of the definition is of significant importance since it

establishes the assumption that, due to its grossly larger properties in

comparison to the commmities, any Chgnge occurring in this region depends

ey

only on time, and it is completely independent of the behavior character-
istics of the communities.

The inclusion of the external surroundings Ce in the analysis of the
human habitation problems is not necessarily essential, but rather it is of
convenience for certain problems when the behavior of small commmities is
under consideration. However, it is important to emphasize that a region
cannot be defined as the external surroundings unless all the conditions of
the Definition 2 are satisfied.

DEFINITION 4. "POPULATION GROUP 5™ is defined as a part of the overall

population of inhabitants, who live in the commmities Cl’ CZ"'°’ CN’ with
distinctly distinguishéble behavior characteristics in comparison to other
groups for the analysis of population ekistics problem in the overall system.
The general definition of the population group Sé?) can be employed to
represent each individual group based on a special, particular, characteristic,
e.g., sex, age, race, religion, profession, associated with the group. It
is essential to realize that Definition 4 implies that the distinct separation
of the population into groups depends on the requirements for the analysis
of the problem. Consequently, for simple, preliminary mathematical models,
the population ekistics problems can be formulated based on a single popula-
tion group for each community. If the results of such analyses are not ac-

ceptable as accurate representations of the phenomenon, then, more sophisti-
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cated and detailed models with numerous population groups m = 1, 2,..... , M,

can be employed.

DEFINITION 5. "AVERAGE POPULATION GROUP DENSITY Er(lm)" is defined as the

average number of inhabitants belonging to the population group Sﬁm) and
residing on per unit area of the overall area An of the commumity Cn'

It is important to realize that the principle quantity, Eg?o, of the
formulation is defined strictly as population density and not as the total
number of inhabitants of the community since the living conditions of a
commmity depends more significantly on the former than the latter.
POSTULATE 2. The average population group densities Eﬁ#ﬂ are appropriate
and sufficiently representative principal quantities for the description
of the variations with time of the population characteristics and the ef-
fects in relation to overall human habitation phenomenon in commumity Cn'

The postulate represents the simplifying assumption which eliminates
the necessity to consider the spatial variations of the population group
densities over the areas of the commumities. The assumption may also seem
rather unrealistic for the analysis of the real population problems as-
sociated with a large metropolitan city with significant differences in popu-
lation densities in the urban and suburban areas which are included in the
geographically defined boundaries of the commmity. However, considering
the particular advantage of the abstract definition of the boundary of the

community according to Definition 1, a large metropolitan commmity can be

subdivided into sufficiently many small communities Cn with approximately

=(m)

N Hence, the proposed for-

uniform, average population group densities
mulation can be employed for the analysis of the realistic population
ekistic problems in all communities regardless of size by the appropriate

modification of subdivision of the large commumities.
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As the consequence of the Postulate 2, it is immediately evident that
the subsequent-development of the theory will consider time t as the only
independent variable in the analysis; hence, all the principal character-
istic quantities in the mathematical formulation will be treated as de-
pendent variable unknowns in temms of the only independent variable time
t for the general problem.

DEFINITION 6. "GROUP POPULATION P is defined as the nuber of inhabi-

tants belonging to population group Scm) and residing in‘community Cn.

As consequences of definitions 2 and 5 for the area A.n and the average
population group density 5£¢), respectively, the group population Pé#D
becomes

P 1) = A5 (1) €

DEFINITION 7. '"'POPULATION Pn” is defined as the net number of inhabitants

of all population groups S(m) residing in community Cn, i.e.,

Eﬁ ZM ‘M
P =) MWy =5 asMm =a ™ @
m=1 m=]1 m=1

The definitions 5 through 7 establish the essential répresentations of
the characteristic quantities associated with human populations of the com-

munities for the analysis of the general problem.

DEFINITION 8. "AVERAGE DEGREE OF INDIVIDUAL ADVANCEMENT DU of a human
being, belonging to the population group S(HD and residing in the commumity
G is defined as a conceptual characteristic quantity which completely de-
fines the relative average living conditions and the well being of the
individual.

It is of significant importance to realize that according to definition

8, degree of individual advancement is strictly a characteristic property
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of the iﬁdividual rather than being associated with the commmity as the
totality of its inhabitants. Consequently, regardless of conceptual
quality of the definition, it is sufficient to decide on the various ob-
servable characteristics of the living conditions of a human being in
society to represent the defined quantity.

Considering our modern society, one of the fundamental characteristics
which govern the living conditions of a human being is the yearly income,
Hence, for simple formulations of the population ekistic problems, it may
suffice to employ this characteristic quantity to represent the living
standard of the individual inhabitant. However, it is indeed evident that
there exist numerous other characteristics, e.g., educational level, health,
social standing, residential living conditions, etc., which need to be con-
sidered for the complete definition of the quantity. Consequently, the
average degree of individual advancement 'D—I(lm) can be considered as a vector
quantity with J number of components which represent all the pertinent
characteristics of the living conditions of the individual inhabitant in a
community in general.

DEFINITION 9. "COMPONENT OF AVERAGE DEGREE OF INDIVIDUAL ADVANCEMENT "ﬁ(m)."

n,j
is defined as a selected, pertinent, observable, characteristic quantity

which represents the living conditions of a human being, on the average,
belonging to the population group S(m) and residing in the commumity Cn.

DEFINITION 10. "MINIMUM BOUND ngg)in" of the component of average degree of

individual advancement of a human being is defined as the level at which the
necessity for the consideration of his existence is terminated in any com-
mumity.

DEFINITION 11. 'MAXIMUM BOUND ngggx" of the component of average degree of

individual advancement of a human being is defined as the relative optimum
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level that a human being can attain in any commumity.
The definitions 8-11 mathematically establish the concrete representa-

tion of the average living condition of an inhabitant of a commmity by

the associated vector quantity average degree of individual advancementfﬁam

n
based on its components Tﬁi%. The choice of the particular, pertinent,
characteristics of the living conditions of the individual, to be repre-
sented by these components, strictly depends on the sociological and econo-
mical factors of the society. However, provided that these factors are
‘specified, the definitions 10 and 11, for the minimum and the maximum
bounds, are sufficient to establish the ranges of the quantities; hence,
appropriate scales can be constructed for the unknown dependent variables,
component of average degree of individual advancement Dg?%, according to
quantitative mathematical definitions in the formulation.

DEFINITION 12. "COMPONENT OF ADVANCEMENT G of the population group ST

n,j
in the commumnity Cn is defined as the net component of advancement of the

totality of the individuals of the group which is associated with the parti-

cular component of average degree of individual advancement ﬁgm%, i.e.,

>

M = ap 01w (3

The principal quantity component of advancement Gé?%, in a sense, repre-
sents the overall level of the particular characteristic of living conditions
for the population group S(HD in the community Cn' Consequently, for the
particular population group Scm) to exist under the Gé?% component of ad-
vancement conditions, it is essential that the commumity Cn indeed possesses
the sufficient means to support the inhabitants at their level of existence.

The significant importance of this argument is that is proposes to create

a correspondence between the population, the individual living conditions and
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the limited support of the commumity to establish the fundamental relations
for the general formulation of the behavior of the human habitation phe-
nomenon.

DEFINITION 13, "AVERAGE RATE OF GENERATION OF POPULATION GROUP DENSITY

—é—rgm) 1"

is defined as the average rate of increase of the average population
group density Eﬁm) solely due to the living conditions in the particular com-
munity Cn without the consideration of the influences of other commmities.

It is significantly important to realize that definition 13 emphati-
cally states that the generation rate is strictly a property of the commumnity
Cys hence, the effects of the migratory motion between the commmities must
necessarily be excluded in the evaluation of the quantity.

The defined quantity represents the net increase of population density,
i.e., the net difference between the birth rate and the death rate, only if
the formulation assumes one single population group for simplified analyses.
However, for sophisticated formulations with various population groups, e.g.,
age groups, each Eﬁ?ﬂ term must be formulated according to the increase of
the population density of the particular group during an appropriately speci-
fied time period.

i

DEFINITION 14, "RATE OF GENERATION OF GROUP POPULATION Pém)” is defined as

the net rate of increase of the group population Pém) in the community Cn’
i.e.,

Py =A™ 5 5™ =™/ @

DEFINITION 15. '"RATE OF GENERATION OF POPULATION én” is defined as the net

rate of increase of the population P of commmity C , i.e.,

N P K
By = ) B = ) ARV = A BV Q

m=1 m=1 =1
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Hence, according to the definitions 13, 14 and 15, the overall net
population generation rate in a community is separated into different parts

depending on the population Groups S(mD of the analysis.

DEFINITION 16. ''RATE OF GENERATION OF ADVANCEMENT COMPONENT ég@)” is de-

2
fined as the rate of extra component of advancement Gﬁm% that the community

bt
Cn can supply, during a specified time period, to increase the particular
component of average degree of individual advancement ﬁg?% of the inhabi-
tants of the population group Scm), solely due to the conditions of the
community Cn'
It is important to note that definition 16 strictly states that the
generation rate is solely due to the commmity Cs hence, the transfer of

advancement resulting from the migratory motion between the commmities

must necessarily be excluded in the evaluation of the quantity.

DEFINITION 17. "NET GROUP MIGRATION Q)" is defined as the total mumber
>
of human beings of the population group S(m) who change their residencies

from the commmity Cz to the community Cn during a specified time period.

DEFINITION 18a. "AVERAGE GROUP MIGRATION IN-FLUX DENSITY aﬁ‘f‘% is defined
as the average value of the number of inhabitants, belongiﬁg to population
group S(m), who take residence on a unit area of the commmnity Cn due to
migration from the community C2 during a specified time period.

DEFINITION 18b. "AVERAGE GROUP MIGRATION OUT-FLUX DENSITY agm%” is defined
H

as the average value of the number of inhabitants, belonging to population
group Scm), who terminate their residencies on a unit area of the commmity
Cn to migrate to another commmity C2 during a specified time period.

As a consequence of the definitions 17, 18a and 18b, the net group
migration Qé?% to the community Cn from the commmity Cz can be expressed in

terms of the migration flux densities as:
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The definitions and the postulates of this section complete the neces-
sary mathematical preliminaries for the development of the mathematical
model for the human habitation problems between commmities. It is in order
to summarize the fact that all the pertinent mathematical quantities were
reduced to time dependencies; hence, the further development of the theory
will only consider on the average behaviors of the phenomenon with respect
to time without taking into consideration the local changes in the com-
mumnities and the individual conditions of the inhabitants. However, it
should also be emphasized that the simplicity of the model is not essential,
and that the fundamental concepts of this theory can easily be extended to
include at least the spatial variations in the commmities.

CONSERVATION PRINCIPLES AND DERIVATION OF
GOVERNING SYSTEM OF DIFFERENTIAL EQUATIONS

Associated with any natural and physical phenomenon, there exists cer-
tain conservation principles which need to be satisfied at all times re-
gardless of the simplicity or complexity of the problem under consideration.
The mathematical formulation of these principles, through the appropriate
logical transformation models, leads to the establishment of systems of
governing differential equations whose solutions, under specified boundary
conditions, in turn represent the actual, observable behavior characteristics
of the physical phenomenon. Since the dynamic behavior of human habitation,
ekistics, is indeed a natural phenomenon, it is obviously conceivable to
expect the existence of certain conservation principles.

To consider the phenomenon in most general form, it is assumed that
there exists N number of distinct commmities, Cl’ C2""’ Cn""’ CN’

which are continuously affected by the interactions among each other and
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with the possibly existing external environment Ce.through the migratory
motion of human beings between ths commmities. A schematic representation
of the general phenomenon is given in Figure 1.
POSTULATE 3. When an individual migrates from a community C2 by removing
his residency, the contribution of his individual behavior characteristics
to the overall conditions of the community and in turn the responsibility
of the commmity to the individual are immediately terminated.
POSTULATE 4. When an individual migrates to a community Cn by establishing
his residency, the contribution of his individual behavior characteristics
to the overall conditions of the commmnity and in turn the responsibility
of the coommity to the individual are immediately initiated. According
to postulates 3 and 4, the cases when an individual resides in one com-
munity and earns his living in another community must necessarily be discarded
in the formulations. Although this condition may be considered as rather
stringent in view of the possibility of existence of commuters, the com-
munities of the general system can always be defined in such a mamner that
the number of these special cases becomes logically negligible in comparison
to the overall complete migration phenomenon.
POSTULATE 5. When an individual migrates to a new commumity Cn’ he auto-
matically contributes the individual behavior characteristics that he pos-
sesses to the overall conditions of his new commmity.
POSTULATE 6. After the migration of an inhabitant to a new community Cpyo
any changes that occur in his individual behavior characteristics are solely
due to the overall conditions of his new commmity Cn'

Postulates 5 and 6 represent the necessary and logical assumptions
to determine the effects of, particularly, the degree of individual advance-

ment of the migrating people on the advancement of the commmity; and con-
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EXTERNAL SURROUNDINGS
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Figure 1.

Dynamic Ekistics Problem.
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versely the conditions of the commmity in changing the average degree of
individual advancement of the inhabitants who have migrated to the com-
munity.

POSTULATE 7. On the average, the component of average degree of individual
S (m)

H
b

*
advancement D@C?) of the inhabitants, belonging to the population group
who migrate from the commmity CZ to the community Cn can be represented as:

a. the value of the component of average degree of individual advance-

ment Bgmq of the commmity C,,
»J L
b. the value of the component of average degree of individual advance-
=(m) .

ment Dn,j of the community Cn,
c. the value which is proportional to either or both of the components

of the average degree of individual advancement ng% and/or T#T%

H 2
of the commmities C, and C_, i.e.
2 n ?

§ . pn) *w) | o FO -, 5 . o )
Py TPy o B Py TPy & Doy T el T e

e

It is important to realize that any one of the three parts of postulate
7 is a logical representation of the degree of the individual advancement
of the human beings migrating from a commumnity to another.  The concrete
determination of the correct part for the migration between two commmities
ultimately depends on the sociological and psychological characteristics of
the inhabitants of the two commmities.

The final set of postulates of this section completes the necessary pre-
liminary assumptions for the statement and the application of the fundamental
conservation principles for the derivation of the system of governing dif-

ferential equations for the general problem.

................

For any commmity C , the net rate of increase of any group population
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Pr(1m) is ﬁecessarily equal to the sum of the rate of generation of group
population lsr(lm) in the commumity Cn and the overall net group migration
Qr(:ﬁ from the other commmities C . into the community C .

The principle of conservation of group population leads to the follow-
ing theorem.
THEOREM 1. In any commumnity Cn’ the instantaneous, time rate of change of

any average population group density pr(lm) is given by:

S

%

T . 3 ™ - g™ o)
2=1#n

Proof: Employing the principle of conservation of population in mathematical

form,
dP(m) - N N
2-—1#n 2=1#n

Substituting the average quantities from Egqs. (1), (4), (6) in Eq. (8),

N .
d —{I _ —.—(m '—( ‘:;;”‘ "(
E[AIIPI(I )] = A by ) 4 L A qnm% Lo Anq;:ll)l ©)
2=1#n 2=1#n '

Noting that according to postulate 1, A - is a constant and combining the

summation terms,
—(m)
dp ¥ .
T ) -
2=1#n

which proves the theorem.

Principle of Conservation of Component of Advancement:

For any community Cn’ the net rate of increase of the component of Ad-

vancement Grgmg. for the population group S(m) ‘is necessarily equal to the sum
b

of the rate of generation of advancement component Gr(lm% in the commmity Cn
b
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and the overall transfer of group advancement due to the net migratory ef-
fects from the other commmities C . into the commmity C,-

The principle of conservation of component of advancement leads to the
following theorem. |
THEOREM 2. In any commmity Cn’ the instantaneous, tjjﬁé.f.r‘alte of change of

any component of average degree of individual advancement .ﬁrgm_)]’ is given by:
b

, 2 2 1 F_ q
Tt o R LY [ o
n n °n °n £=1#n
—(m) |
o - w) o

Proof: Employing the principle of conservation fo component of advancement

in mathematical form,

S w o SHm) ) _ % ot @

n _ m m m m m

a& " %n,5t Z 2,5 %1 > n,j & (1D
L=1#n 2=1#n

Substituting the average quantities from Egs. (3), (6) in Eq. (11),

N N
SFIE -6 ) AR - ) A o
2=1#n 2=1#n

Noting that according to postulate 1 An is a constant, expanding the term

on the left and combining the summation terms,

m Fno PG, v e gt i

m n —{m n, n, + — -

Do, —a " dtJ Rle ) 0,350 -0 G (13)
2=1#n

Multiplying the result of theorem 1, Eq. (7) by ﬁ(m)., substituting in Eq. (13)
n,j

to eliminate the first term on the left and rearranging,
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o 0 pEpm N
n,J] - = = n,j _n,j n :|+ 1 2 {\E(‘m) D(m)‘-l—-(m)

at — T W,s
An?ﬁ?D °n 5@0 2= 1#n
(m) ={(m) ;=(m)
ID h,j Dn,J]qx,n} (10)

which proves the theorem.

The set of (\NxM) number of equations resulting from theorem 1 Eq. (17)
is self explanatory in view of thfe' ﬁ‘rinciple of conservation of group popula-
tion; and indeed the system can bé cénsidered as an exte;ls'ionfof the pro-
posed theory of Refs. 19-23, However, the second set of (NxMxJ) equations
represent the contribution of the new mathematical theory, Ref. 33; and the
system contains two characteristics of significant ﬁnportaﬁce which warrant
individual explanation in relation to the natural phenomenon of population
ekistics.

The first bracketed term on the right of Eq. (10) represents the net
available amount of generation of advancement conq;aone’ht-1 which can be used to

(m) of

increase the component of average degree of individual advancement D_n,
the population group S(m) in the commmity Cn' The most significant property
of the particular term is the existence of ﬁgg?lgm) /o I(lm) which represents the
effect of the population generation rate on the average living standard. The
term clearly establishes that if the average rate of generation of population
group density is positive, B—I(Im) > 0, i.e., contributing to the increase of the
group population density Er(lm) , then, a certain amount of advancement opportun-
ity for the particular population group S(m) of the commnity Cn is lost due
to the population generation. Furthemmore, since the generation rate is
multiplied by the component of average degree of individual advancement, the

loss of advancement opportunity is directly proportional to the average

1living standard of the population group S(m) in the commumity Cn. This result
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of the mathematical theory is of ultimate significant importance since it
clearly illustrates that the population e)"cplosion is considerably more
detrimental to the well being of the individual in an affluent society than
in an underdeveloped one.
The summation term of the right of Eq. (10) illustrates the overall

. effect of the migration to the average living standards of the inhabitants

in a commmity. The first bracketed term in the summation represents the con-
tribution of the people, belonging to population group Scm), who migrate

from other commmities C L into community Cn' In view of the coefficient

[B:E?) - ITI(:?%] of the HIE]:%, it is immediately evident that the average living
conditions of the particular population group S(m) will improve if the
migrating people to the commumity have component of average degree of indi-
vidual advancement ﬁzf?) higher than the already established value ﬁg?%
in the commmity. The second bracketed term represents the similar argument
that the average living standards of a population group S(m) will increase if
the migrating people out of the community have component of average degree
of individual advancement 'D':; EI;D less than the already established value D'I(;?g
in the community. Hence, the mathematical theory clearly illustrates the
importance of the living standards of the migrating people to the overall
living standards of the commmity.

The mathematical system comprising of the two sets of equations, Egs.

(7) and (10), represents (D+1)xNoM number of first order nonlinear differential

equations in unknowns 50" (N1 , ﬁg‘% (o) , ’D';gf‘) M) 5 'ﬁzﬁj“) M) 5
0w , 60w o G reote(N-1)1, U POk(N-1) ], L., 2x(N+2)0001

number of unknowns; hence, it is highly inconsistent for a unique set of
solutions.

Since the results of the theorems 1 and 2, Egs. (7) and (10) are the
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mathematical representations of the only two necessary and available
conservation principles for the solutions of the two sets of principal
unknowns p(m) (NxM) and D(m) (Jx\NxM) of the problem, the remaining unknowns
of secondary importance, D (m) —*(m) b(m) , I(Img, (m) and q(m) , need to
be eliminated from the system by establlshlng certain additional mathe-
~matical relations representing the observable behavior characteristics of
the inhabitants of the commmities in the general system.
LAW OF MIGRATORY MOTICN

The task of investigating the phenomenon of migratory motion between
the coommnities under the combined effects of the environmental conditions
of the commnities, may seem to be a problem of such immense magnitude -
of complexity that one may be tempted to conclude that any quantitative
mathematical formulation is strictly impossible. However, discarding
the unpredictable behavior characteristics of a small number of human
beings, on the average, by formal argumentative reasoning, one may easily
accept the existence of three independent, basic and in a sense quite
general reasons which influence the migratory motions between the commmi-
ties. Then the problem reduces to independent, quantitati\}e formulation
of these motivations and, ultimately, to establish a relation which encom-
passes the totality of the phenomena which stimulate the migratory mo-
tion.

a. Motivation of Population Density Potential

In various studies in mathematical biophysics by Skellam [19], Kerner
[25-29], Beckmann [33] and Landahl [20,21], it is well established that the
spatial variations in population densities of biological spécies result in
migratory motions which can be expressed mathematically as proportionality

relations to the gradients of population densities.
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Accepting the argument as valid, and indeed plausibie, the gradient
type dependencies can be modified and extended by the inclusion of the in-
fluences of the population differences of all population groups on the mi-
gratory motion of each population group SCmD from the commumity C2 to the
community C . Hence, a general migration law for the influences of popula-
tion group density potentials can be stated as follows.

Law of Migratory Motion Due to Population Potentials: If there exist dif-

ferences in the average population group densities between two commmities,
then the average group migration flux density q( m) of the population group

S( m) from the commnity C to commmity Cn depends linearly on the average

population group density p( m) of the population group S(m) in the community
CZ with the proportionality relation depending on the sum of the power type
dependencies of the potentials of all average population group densities

Eﬁk) and Eﬁ#) between the two commumities Cn and Cz’ i.e.,

M

— - —(x),P —

) - {L 09 500 _ 509, k,n,z}p_gm) a4
k_

The parameters aék%,and Pron o in general may depend on the principal un-

knowns of the system as:

2, - l ) D ’ ( DQ, -I > 0

pk,n,z =D n,ﬁlb—lg'k) ’]j(.k)_ ’5(1() "[—)51’(3} >0

The evaluation of the parameters a(k)

and Py strictly depends on the
PR

observable, statistical data about the 5001ological and psychological attitudes

of the inhabitants of the two commmities in relation to their tendencies to

migrate. Considering the fact that the law of migratory motion due to popula-

tion potentials depends in general on the average population densities and the
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average degrees of individual advancement, the parameters q& . and P n. g
b At ]

evaluated statistically for the interaction between two commmities Cn and

k)

Cm can be used as approximate universal values for all the commmities since
they depend solely on the attitudes of the inhabitants which can be con-
sidered rather universal in the overall social structure of the system.

b. Motivation of Advancement Potential

The potential laws based on the population density gradients were employed
previously for formulating the migration flux phenomena associated with lower
evolutionary level biological species [Refs. 19,20,21,23,25-29]. However, the
fundamental motivation for the migration of a human being from a community
C, to another commmity Cn is not in general based on population density
differences; but rather it is based on the existence of the possibility to
improve his living conditions in the latter community.

The only logical way he can decide that such an improvement is indeed
possible is to compare the levels of the average degree of individual advance-
ments in the two commmities. If such a comparison results in favor of
his commmity, then, solely from the point of view of improving his living
conditions, he will retain his residency in his community. However, if the
commmity Cn has a higher level of average degree of individual advancement
in comparison to his own commumity, then, he has a logical motivation to
move his residency to community Cn. Consequently, the average group migra-
tion flux density aéT% will depend on the difference, i.e., the potential,
between the components of average degree of individual advancement ﬁgml

2
and‘ﬁ(mq of the two commmities Cn and Cz’

2,3
Furthermore, since the migration is from commmity C,» it is logical
to assume that a certain amount of the population in commmity Cl, indeed

in proportion to the population, will migrate to the new commumity Cn'
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Hence, a quantitative mathematical formulation for the effects of the
living conditions of the commmities on the average group migration flux
densities can be established according to the following statement.

Law of Migratory Motion Due to Advancement Potentials: If there exist

differences in the components of average degree of individual advancement
between two commmities, then the average group migration flux density q(m)
of the population group S( m) from the comrrrunlty C to the community Cn
~(m)

depends linearly on the average population group demsity Py of the popula-
tion group S( m) in the commmity CSL with the proportionality relation de-
pending on the total sum of the power type dependencies of the potentials of
all the components of average degree of individual advancement _ﬁr(lm% and

b

ﬁ,gm% of all population groups S(m) between the two communities Cn and C T i.e.,
’

T :
00 - (). 300y - o
‘k=1 j=1

The parameters B( - and T .
n} ,J an,'Q‘SJ

pal unknowns of the system as:
(09 200 500 509 S5y, g

in general may depend on the princi-

"n,0,5 T Pne,itPn P, iPe s,
(17
= ~(k) (k) 5%
kn,e,5 T Tkn,e,iPa P 5oen D5l 20
The parameters B(ki ; and rlgkl)l 2,5’ similar to the law for population
b

potential, need to be determined by the statistical analysis of the attitudes
of the inhabitants of the communities; and the values for the parameters
could be considered as approximately universal in the analysis of system of
commmnities.

It is of significant importance to realize that the expressions for the

average group migration flux densities Exgm%, Eqs. (14,16), also establish

?
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the method for the statistical determination of the parameters a( )

n,L’
(k)
n,l,]’ Py ,N,% ,j°

dependently from the remaining ones by considering statistically observed

and 1. Indeed, each parameter can be determined in-
data about the existing values of the associated potential and the amount
of migration flux density solely due to the effect of the particular po-
tential. Consequently, the establishment of the two migratory motion laws
also lead to the simplification of the statistical analysis for the compila-
tion of the necessary data about the behavior characteristics of the in-
habitants.

c. Potentially Unmotivated Migratory Effects

In addition to the two fundamental motivations for the migration of
inhabitants, there may exist certain other reasons not related to either
the advancement or the population potentials between the commmities. In
general the cunulative effect of these additional migratory phenomena from
community Cz to commumity Cn depends on the living conditions of both com-
munities and may be expressed mathematically as an average group migration

flux density a, ( )

*(m) - qn(?&l) [E-(m) (m) D(m) D_(m)] (18)

for most commmities it is logical to assume that this particular form of
migration is negligible compared to the fundamental migration fluxes due

to the advancement and population potentials, hence it can be excluded in the
analysis. However, if it becomes established that the effect is of signifi-
cant value, then, since the definite reasons for the migration would be
known, it can easily be determined by statistical observations to include

its quantitative influence in the analysis of_particular problems.

Considering that the net migratory phenomenon between two commumities.
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must necessarily be due to the overall, cumulative result of all the in-

dividual effects, the general law of migratory motion may be stated as follows.

(m)

The net average group migration flux density a4, of the population
group S( ) from the commmity C to the commmity Cn is the net sum of the
average group migration flux density q ( ) , due to the unmotivated migration
of the inhabitants, and the motivated average group migration flux densities
qn z(j and q( )(T)) which result as consequences of the existence of po-
tentials in the average population group densities _pI(1 m) and_pgm) and the com-
ponents of average degree of individual advancement ﬁrgm_?; and D‘gm% between

b4 2

the communities C, and C . for the population group S(m) , l.e.,

a:rgm) = qn(I;,l) ( )(p) + q( )(D) (19)

—*(m)
I;’qn

motions can be evaluated individually according to Egs. (14), (16) and (18).

where each contribution a, 2(—) and q(m) (D) to the overall migratory
It is important to note that according to the original definition of
the average group migration flux density q( % , the quantity must necessarily
be positive to be consistent with the mathematical formulation of the conserva-
tion principles. However, according to the mathematical form of the law of
migratory motion, depending on the net sum of the values of the potential
terms, the quantity could possibly attain negative values. From logical con-
siderations, as discussed previously in relation to motivations, the negative
values for the total potential must necessarily be excluded since they
represent the nonrealistic conditions when the inhabitants of a commmity
do not have any reason for migrating to another commmity. Consequently,
the mathematical expression for the average migration flux density must be

modified as:
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o for ) ol gMm 50 aff“% -0 - @E o @
b. For qn ,LO o) Mmy <o - a&‘ﬂ - ;@;‘)‘ (21)

Hence, equations (20) and (21) represent the definition of a continuous

() =(m) D(m) =(m)

function q, , of variables P > P and 'D'ng) with sectionally con-
tinuous flrst order derivatives in the variables with the point of discontinu-
ity of the derivative located according to the vanishing value of the sum of
the potential terms. Since the function q( m) itself is indeed continuous,
this result does not create any mathematlcal difficulty in the general system
of differential equations.

The law of migratory motion in its mathematically defined form as Egs. (20)
and (21) accomplishes the essential result of eliminating the unknown set
of variables al‘(lm of the original mathematical system in terms of p( )

’ﬁ(’% which are the selected principal unknown variables, average group popu-
lation density and the component of average degree of individual advancement,
respectively, for the communities Cn, in the formulation of the mathematical
theory.

CONSTITUTIVE LAWS FOR THE MATHEMATICAL THEORY -

With the elimination of average group migration flux density qI(1 ?L, the
basic inconsistency difficulty of the mathematical system reduces to the
representation of the average rate of generation of populatioﬁ group density
B'I(lm) , the rate of generation of advancement component Gr(::l) and the component

*
of average degree of individual advancement for migration D, (I:;D of the system.
3

The Law of Population Generation: The average rate of generation of popula-

tion group density Er(lm) for the population group s in the commmity ¢,
depends directly on time t and the instantaneous conditions in the commmity

Cn described by the average population group densitities El’(lk) and the



31

components of average degree of individual advancement ﬁgk% of all the popu--
?

lation groups S(kj in the community Cn, i.e.,
<) _ ), (1) (09
R (R (22)

The Law of Generation of Advancement: The rate of generation of advancement

component Ggm% for the population group S(HD in the commmity ¢, depends
?
directly on time t and the instantaneous conditions in the commmities Cz

—(k)

described by the average population group densities'pl

of average degree of individual advancement Eﬁk% of all the population

?

and the components

groups S(k) in the commumities CQ, i.e.,

It is important to realize that the law of generation of advancement is con-
siderably more general than the law of population generation since the ad-
vancement generation in a community Cn could easily depend on the living
conditions in another commmity C, -

The significant importance of the two laws is the stated fact that they
are both constitutive laws, i.e., they express the unknown variables Eﬁ#ﬂ
and égml as functional relations in terms of the principal unknown variables

=00 g p)

) 2. without necessitating the differences as potentials for the
2

variables.

The quantitative determination of the functional relations for the two
constitutive laws again necessitate the statistical amnalysis of the sociolo-
gical behavior characteristics of the inhabitants and the economical standards
of the commmities.

The ultimate result of the two constitutive laws establishes the elimina-
tion ofvthe unknown quantities Sﬁm) and ég?% in terms of the principal vari-

ables t, E{kD and 5k of the system; hence, it overcomes the second
) 2,3 Y ’
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inconsistency difficulty associated with the mathematical formulation of
the population ekistic problems.

Degree of Individual Advancement of Migrating Inhabitant

Considering the motivation of advancement potential as the sole rea-
son for the migration, it would Ee logical to assume that the migrating
inhaBitmts transport an average degree of individual advancement equiva-
lent to the average degree of individual advancement of the commumity C,Em)
that they migrate from, expecting to improve their degree of advancement
to the level of the average degree of individual advancement of the com-
mnity Cn where they plan to establish their new residency. Conversely,
if the motivation for migration was solely due to the population potential
between the commmities, then it would be logical to assume that the in-
habitants that migrate to the new commumity have already established the
level of the average degree of individual advancement of the commmity
C 0 where they plan to migrate. Consequently, one can conclude that the
component of average degree of individual advancement l_)z(;n) which is
transported by the average group migration flux density q( m) of the popu-
lation group S( ), depends directly on the components of average degree
of individual advancement T)'r(::% and 'ﬁgg in the two commumities Cn and
Cg, i.e.,

ﬁz Er;l) —*(m) [D(m) D(m)] (24)

£,3°™n,]

which is again a constitutive relation that can be determined by the appro-
priate statistical analyses of the behavior characteristics of the inhabitants
in general.
CONSISTENT MATHEMATICAL SYSTEM
In view of the law of migratory motion and the constitutive laws, the

unknowns of secondary importance, average group migration flux density q( m)
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average rate of generation of group density B’lgm) , rate of generation of ad- -
vancement component Gr?:l:); and the component of average degree of individual
advancement of the migrating inhabitant T)':f?) , can be eliminated from the
original system in terms of principal unknowns of the formulation, average
population group density Ergm) anci the component of average degree of indivi-
dual advancement 51?3 .
Hence, the ultimate mathematical system, associated with the dynamic
population ekistics problems, becomes a consistent set of [(1 + J)xNxM]
mmber of governing, first order, nonlinear, ordinary differential equations

in [(1 + J)xM] unknowns b}(lm) and pm) as:

n,j
E e ) g
gt = Uy [teg ’Bn,j] (25)
,‘15(_!3 (m) m) (m
@& " Vn,jlten o0y, 5] 20
m=1,2,...,M , n=1,2,...,N , j=1,2,...,J

where the right hand side functions Ulgm) and Vrgm_?j in Egs. (25) and (26) repre-

sent the abreviated forms of the right hand sides of the Egs. (7) and (10),
respectively.
Since the system, Eqs. (25) and (26) consists of [(1 + J)XNoM] number

of dependent variables E"Igm) and 'ﬁl(lm?]. as known values at a certain t = t

b 0,

with t 0 = 0 arbitrarily chosen without any loss of generality, i.e.,

s =, ™o - oM 21

Hence, the mathematical; system, Egs. (25), (26) and (27) constitute a well

paused, initial value problem which can possibly be solved for the unknowns

B'I(lm) and 'Egg .

Before attempting the solution of the system, it would be instructive
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to consider some of the significant amnalytical properties of the differential
equations, Eqs. (25) and (26).

The set of differential equations, Egs. (7) and (10) or Egs. (25) and
(26) and the set of initial conditions, Eq. (27) represent a nonlinear initial

value problem for the unknown vector W(t) as:
M) = Fle w5 W) = W (28)
dt " ? o

where the wnknown vector W(t) represents the colum vector of the umknown

quantities 'p-lgm) and _D'Igm). and the right hand side vector F[t,W(t)] represents

R

the totality of the right hand side functions of Egs. (7) and (10) as:

N
RIEN] =5 + 5 @ -aml , 1<ic 06 (29)
5L=1—n
g
Fi [t,W(t)] = [ (m‘) n_’__%m) ] + —m) j, {[D (m) (m)]q(m)
n n n pn 2=1l-n
- 0, - (“‘)]q(“‘)} ;06N < 1< [(XDM] (30)

If it is assumed that all the communities Cn contain inhabitants of all the
population groups S(m) at all times, i.e., B—Igm) > 0 for all t, m, n, then
the right hand side vector function F(t,W(t)] necessarily satisfies the
Lipschitz conditions for the complete range of the independent variable t,
0 < t < «; hence, from the well known theorems on differential equations,.
there exists a unique continuous vector solution W(t) for the system as a con-
tinuous extension of the initial conditions vector _WO.

An equilibrium (singular) point of the system, Eq. (28), is defined as
the condition when the right hand side vector F[t,W(t)] becomes a null vector.
As a consequence, the left hand side of the equation must also necessarily

vanish, implying that at the point of equilibrium the time rate of change of
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all the variables attain null values as expected from the definition of
equilibrium, Considering the elements of the vector, the condition

F[t,W(t)] = 0 is equivalent to [(J + 1)xNxM] number of algebraic equations

of the form,
N .
e ) @ - a0 (31)
2=1=n
im N
Fhowp 3 o -age - mY -en)e o
2=1=n

The first condition, Eq. (31), implies that for equilibrium conditions
to exist in the system, the average rate of generation of population group
den51ty p( m) must necessarily be equal to the net average group migration
flux density out of the community for all population groups S(HD and com-
mmities Cn.

Considering the fact that the system of communities is a closed system,
i.e., the migration phenomena is restricted to the communities in the
system, the sum of all average group migration flux densities over all com-
mmities n = 1, 2,..., N, necessarily vanishes. Hence, rearranging Eq. (31)
and suming over n,

N NN

LAY =) ) G -ghI-o

n=1 n=1 g=l=n
Therefore, Eq. (32), implies that equilibrium in the system is only possible
if all average rates of generation of population density are not positive,
i.e., there exists at least one p( m) < 0.

The second condition, Eq. (32), can be rearranged, by substituting
Eq. (31) in Eq. (32), as:

(nD N

,J N ;“ I 2(?)—1% 2%“)&5 )1 =0 (33)

e= 1—n
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which inmediately implies that the rate of genmeration of advancement cam-
ponent per unit area of the commmity must necessarily compensate for the
advancement loss due to the net value of the average group migration flux
densities for all population groups s in all conmmities C,-

The detailed investigation of the stability of the solutions may require
comprehensive treatment of the right hand side functions for particuiar
problems and in general necessitate rigorous mathematical analysis of the
linearized solutions of the system in the neighborhood of the equilibrium
points. Consequently, the stability of the solutions camnot be guaranteed
for the general mathematical system. However, considering the conditions
when the right hand side functions are sufficiently bounded for the existence
of the continuous solutions, from the general considerations of the Poincare-
Liapumov stability theory, it would be indeed realistic to expect stable
solutions for certain particular problems.

From the nonlinearity characteristics of the general system it is im-
mediately evident that one camnot construct analytical solutions except for
few rather restrictive problems. However, since it is established that wmique
solutions indeed exist for certain initial value problems, .provided that
the initial conditions do not constitute singular points, the set of first
order ordinary differential equations can be readily integrated by the well
known numerical techniques by employing high speed digital computers.

Hence, the general mathematical formulation of dynamic human habitation
problems result in mathematical systems of differential equations which can
be rendered consistent by the systematic application of statistical amalysis
to determine the necessary parameters in the potential and constitutive laws
of the theory; and these systems can be solved by the application of modern

day computers to obtain solutions which represent the quantitative behavior
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of the actual natural phenomena associated with all the cormunities in the
system.
APPLICATION TO A PROBLEM OF TWO COMMUNITIES

In the course of mvestlgatlon of a natural phenomenon, the ultnnate
judgement on the success or the failure of a proposed mathematical theory
univocally depends on the feasibility of its application to specific pro-
blems of practical importance in describing certain phases of the general
phenomenon. Consequently, it is necessary to illustrate the possibility of
quantitative formulation of a specific problem, preferably of moderate com-
plexity, to estabvlish' the validity of the mathematical theory for the dynamic
human habitation problem between commumities.

- The problem to be considered is a hypothetical but naturally plausible
one. The choice of a hypothetical case is definitely not of necessity for
the application of the general theory but rather of brevity in illustrating
the systematic transformation of the natural phenomenon into a well paused
_consistent mathematical system which can be quantitatively solved by some
well known mathematical technique.

Statement of the Problem

Consider two small commmnities C1 and C2 and the external surroundings
Ce under the simplifying assumption that the population groups in the com-
mmities can be combined into a single group for a preliminary analysis, i.e.,

m=1,

B I R R O )

1 > Ve e
Furthermore, assume that the only pertinent component of the average degree
of individual advancement can be represented by the average yearly income

of the inhabitants, i.e., j = 1,
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i} @) _
n ¢ PP . D10 D51 =D (35)

“e

Initially, the two commumities ¢y and C, have approximately equal
average population densities and the representative average yearly incomes
per inhabitant in both communities are approXimately the same. The two com-
mmities are initially under-populated and under-developed in comparison to
the external surrqundings, i.e.,

°10 © pzo * Peo and D10 = DZo < Deo (36)

Initially, the rates of generation of population in the commumnities
are balanced out by the migration of the inhabitants from the commumities
to the external surroundings; hence, the average population densities of the
communities are in equilibrium.

Furthermore, each community initially has a certain fixed gross yearly
commmity income which is distributed among its inhabitants according to
the average yearly income per inhabitant of the commumity.

Hence, if no changes are made in the commmities, it is evident from
the equilibrium conditions that both commmities will remain under-populated
and under-developed in comparison to the living standards of the external
surroundings.

To develop one of the commmities, e.g., Cl’ a large industry, or a
combination of various businesses, is established such that the gross yearly
community income of the commumity ¢y is suddenly increased to a considerably
larger value than at the initial under developed conditions of the commmity.

The problem is to quantitatively predict the living conditions in both
commmities C1 and C2 in the future due to the sudden creation of the large

scale financial opportunity in commmity Cl’
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......

The govemmgvequatlons for the particular problem can be obtained
directly from the general system, Egs. (7) and (10), by takingm = 1,

n=1,2, ¢ =e,l,2 as:

doy
= - + -
T TF1TNe %, N2 Y21 (37)
o, _  _ _ _
T " P2 % e %%,2%,1 " U,2 (38)
dT)' 1. _
:r‘ — {(Gl/Al) Dipy * [1'5 - Dyla, 4
P
T R Y
* 1D - Dylag 5+ Dy - Dylgg g+ 1D - Dﬂqz,l} (39)
F = =G/ - ey * [T - D10, o
pz '
& - R - Ko
* [Dy - Dylay 4+ [Dy - Dylag 5 + [, - Dz]ql,z} (40)
where for simplifying the notation, the superscripts were eliminated for
the quantities,
~m . =1 .~ (1) _ =
Dn . p]. ~P1 o P2 T Py
—~(m) . =) _ = 1) _ = =(1) . = =1) . 7
G,y * U2 %2 2 RI1TDR1 2 YeTYe 0 %17 %1
(1) _ = - =
9.e qz,e 2 Ye.2 T 9,2 (41)
e *(1) = *1) - 1) _ 5
Dhio f D 1 » Dy =D, 5 Dy’ =D
1.1) I 0§ B “(1) L
Gy P 61176 5 6176
The initial conditions at t = 0 are self-evident,
-51(0) = _p—lo s 02(0) pZO P -D-l(O) = ﬁlO ’ ]jz(o) = ﬁ20 (42)

To determine the necessary relations, according to the potential and
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the constitutive laws, it is necessary to investigate the statistically ob-

servable characteristics of the behaviors of the inhabitants of the commumni-

ties.

a, Statistically Observable Characteristics for External Environment C :

Condition al. The average population density of the external sur-

roundings remains constant for all time t, i.e.,

p(t) = Pe = Pop = Constant

Condition a2. The average degree of individual advancement of the

external surroundings remains constant for all time t, i.e.,

ﬁé(t) = De ='Deo = constant

Condition a3. The inhabitants that migrate from the external sur-

roundings have a degree of individual advancement equal to the average

degree of individual advancement of the external surroundings, i.e.,

%
Dé = ﬁé = ﬁé()= constant

b. Statistically Observable Characteristics for Commmity C,:

Condition bl. The inhabitants that migrate from the commmity C1 have

a degree of individual advancement equal to the average degree of in-

dividual advancement of the community Cl’ i.e.,

*

D=1

Condition b2. The average rate of generation of population density Ei

in the commmity C1 is proportional to the average population density

(43)

(44)

(45)

(46)

Ei and it is inversely proportional to the average degree of individual

advancement D, , i.e.,
*_
~ __Mf
Pl = T
[1+ ‘YlDl]

- P % ® ° s
where’ﬂl and‘yl statistically determined positive constants.

(47)
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Condition b3. The characteristic bounds for the degree of individual

advancement are selected as Din =0 a:d.the maximum bound Dax based
on a sufficiently high yearly income G such that the average degree
of individual advancement of the inhabitant is directly proportional
to the average yearly income E, as:

~ Et T o-cD
b, =E/6 , E =6D (48)

Condition b4, If the totality of the available business establishments

- * .
in the commmity C; can afford to pay B; in yearly expenditures to the

- % <%
inhabitants of the commmity, the difference AG, between B; and the net

amount of money that the inhabitants require as yearly income is the
principal factor which determines the changes in the living conditions

of the commmity, i.e.,

k%
AG1

&

. . o
B, - Py = By - A5y D‘l (49)

1

' % . . . .
Condition b5. If oG, is positive, I.e., there exists the financial

possibility for the development of the commmity, then the total rate
of generation of advancement for the community is proportional to the
difference of the average degree of individual advancement of the com-~

mumnity from its associated maximum bound, i.e.,
. ‘% _ &
G1 =Ky —— AGl = Ky -——----,g——-——]:B1 - AlplG Dl] (50)

Hence, the average rate of generation of advancement per unit area,
&, may be defined as:

- ..Gl [1.-.D1) - -

BTRTRTF Ib; - ¢76 D] (51)
. -a_* oo

where: Ky is a positive constant and b1 = Bl/Al‘

%

Condition b6. If 4Gy is negative, i.e., the commmity cannot support
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its inhabitants at their level of the average degree of individual
advancement, then the total rate of generation of advancement for
the commumity is negative and it is directly proportional to the
amount of deficiency in funds to support the total yearly income of
the inhabitants, i.e.,

] . 1 ok
= E*’[bl - PlG Dl] (52)

Conditions 5b and 6b can be expressed as a discontinuous function,
(1-D) |

1 o -
Kl "“—E*“"'[bl - plG ]jl] ] _g]_> 0
g =9 (53)
LIy 56D L Exo
'G‘ibl pl 1 5

Cc. Statistically Observable Characteristics for Conmumity C,:

Considering the similarities between the two commmities, it can be
formally assumed that the conditions 1 through 6 for the commﬁnity C; also
apply for the commmity Cgmj with appropriate alterations in the mathematical
representations of the conditions. Consequently, it would be sufficient to
present the necessary results associated with the conditions without repeating
the statements.

Conditions ¢l and c2.

*
. - i)
D, =D, , Py = = (54
B [1+ v,D,]
272
Conditions c3, c4, ¢5 and c6.
a-D0) ., _ B
_ Ks ""“"é'-!:’""'rbz - sz ﬁz] ? gZ >0
273 (55)
P T -
\ '?Ibz = sz ﬁz] 3 gz = 0

The conditions bi through c6, Egqs. (46) - (55), complete the necessary
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set of constitutive relations for the commmities."

d. Statistically Observable Intéraction Charactéristics Between

‘the Commumities for Migration Phencmerion:

Condition dl. The average migration flux density due to the motivation

of population potential ah 2(5), from commmity C2 to commmity Cn’
is linearly proportional to the percentage of the existing difference
between the levels of the average population density of the communi-
ties, i.e., pk;n,z f 1, y1= k=1,
oL, (56)

Condition d2. The average migration flix density due to the motiva-

tion of advancement potential ah Z(TD from commumity C, to community

2
Cn is linearly proportional to the percentage of the existing differ-
ence between the levels of the average degree of individual advancement

of the communities, i.e., r =1l,m=k=3j=1,

k,n,2,]
— _ ® Tjn —
U, @) = Bn’l[D"‘— - 1o, (57)
&

Condition d3. The potentially unmotivated migratory effects between

the communities are of negligible magnitude in comparison to the moti-
vated migration phenomenon, i.e.,
a'n’z =0 (58)
Combining the conditions dl, d2 and d3, the quantitative formulations of
the migration flux densities between the commmities become,
- !‘* : Bé * i'ﬁé A=
9%,1 =9%,11 - i] * Se,1[']'5f1‘ - 1]}91

o



44

N S D, 1
NQ,e ™ 0‘1,6[1 piae i 51,6157 h 11?pe
e e
T =da It = pl] ‘e ‘tﬁé - 1155
Qe,2 1,e = 7 Fe,2lgm T HrP2
) 2 (59)
- _JE el ;»Eza . 6* :tgg'“ 15
Q,e "V %,e = 2,e'py e
e e
~ o= ) « Dy
Ap,1 =9 92,111 = =1 + 8y 11—~ 1leeq
P1 D
— %* : 'H]_ % 'ﬁl i
9 2 ')‘;"‘1,23 B I ey 1]} 2
L 2 2
with the associated discontinuity conditions,
[ Equation (59) |, ﬁﬁ,ﬁ >0 (60)

n,e = 1. _
0 ;T <0

The constant coefficients of the constitutive relations for the genera-
tion rates Eh and §h, Eqs.\(47), (53), (54), (55), and the potential relations
for the migration flux densities ah’l, Eq. (59), can be determined from
statistical considerations; hence, the consistent mathematical system for the
four unknowns Ei, Eé, ﬁi, ﬁé consists of four ordinary, nonlinear differen-
tial equations, Egs. (37) - (40), the initial conditions, Eq. (42), and the
constitutive and potential relations, Egs. (47), (53), (54), (55) and (59),
which can be integrated from the initial conditions for any set of numeri-

* *® *

9]

*
cally specified values of the constant coefficients o e Yoo

n,? Bn,z’
* — - . .
Ky G and the constant values Pe and De’ provided that the system remains

non-singular for the specified numerical values.
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A Numerical Example for the Prcblem

The mathematical system for the two initially under-developed com-
mmnities was applied to a numerical problem with the hypothetical values
of the parameters associated with the statistically observable conditions
about the commumities.

Conditions al, a2, a3.

it

600 i‘nhabitants/kilometer2

Pe
(61)
De = 0.6 degrees/inhagbitant
Conditions b2, b3, b4, b5, b6.
Q; =-0.02/year
y; = 5 inhabitants/degree
¢ = $20,000/degree year
61 = 1/year (62)
g? = $808,000/ki10:meter2 year, t < 0
E? = $4,000,000/kilometer? year, t > 0
Conditions c2, c3, c4; c5, cb.
Q; = 0.02/year
y; = 5 inhabitants/degree f
0, = 1/year (63)
g; = $808,000/kilometer” year, t >0
Condition dl
% %
Bl,e = Bz’e = 0.05/year (64)

E3 _ * _ ® _ * - 005
Be,1 = Be,2 = B2,1 = B 7 = 0.005/year

. . *
It is important to note that the values of the param.etersBn o are
2
chosen such that the conditions point out the hesitant behavior of the

inhabitants of the small commmities in migrating to another commumnity
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in comparison to the inhabitants of the external surroundings.

Condition d2.

*
[0’ =
n,%

This condition implies that the migration phenomenon is not dependent

0, n,t=e,l,2 (65)

on the population potential.
Condition d3.

&

A,p = 0 (66)
The initial conditions for the problem are specified as:
Ei(O) = 5i0~= 200 inhabitants/kilom.eter2
Eé(d) = Béo = 200 inhabitants/kilometer2 (67)
D, (0) = ﬁio = 0.2 degrees/inhabitant

TE(O) D, = 0.2 degrees/inhabitant

The hypothetical statistical data was specified in such a way that the
available income of $808,000/ki10me1:er2 year in the two communities assures
an equilibrium condition for the overall behavior of the two commumities,
i.e., both the average population densities Bi, Eé and the average degrees
of individual advancement Ei, ﬁé remain constant if no further changes occur
in the system.

To obtain the solutions for the living conditions of the commmities
after the increase of the available income in community C1 to E? = $4,000,000/
kilo.meter2 year, the mathematical system of four nonlinear ordinary differ-
ential equations were numerically integrated by the fourth order Runge-Kutta
method with Gill coefficients starting with the specified initial conditions.

The numerical results for the average population densities Ei, Bé
and the average degree of individual advancement ﬁi, ﬁé are presented in
Figure 2 for both commumities.

As expected, the average population density Bi increases very rapidly
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in commumity C; due to the migratory motion of the human beings from the
external surroundings Ce and the second community C, to commmity ¢ in

view of the establishment of a high level of average degree of individuai
advancement in the commmity Cl’ Furthermore, since the average population
denéity'Bi increases, the average rate of generation of population increases
in proportionality to the average population density, hence resulting in a
substantial amount of population explosion due to the cumulative consequences
of the two effects.

The average population density Eé in commmity C2 undergoes simultaneous
reduction due to the migration of the human beings from community C2 to com-
Tunity C1 in pursuit of possible advancement.

The significantly important consequence of the solutions is that the
average degree of individual advancement Ei, in community Cl’ increases very
rapidly in the first ten years due to the creation of the excess available
wealth in the commmity. However, after fifteen years, the average popula-
tion density Ei in the commumity attains the critical value at which the
commmity can no longer support its inhabitants at their high level of average
degree of individual advancement. Consequently, an immediate collapse of
the average degree of individual advancement initiates and the living condi-
tions deteriorate rapidly with the further over population of the commmity.

Contrary to the conditions in community Cl’ the average degree of
individual advancement ﬁé in commmity C2 increases as the average population
density Eé of the commmity decreases due to the migratory motion from com-
mmnity C, to commmity Cl' Considering that the commmity has a fixed avail-
able income ;: = $808,000/kilom.eter2 year which is shared by its inhabitants;
as the population decreases, the individual inhabitant of the commumity has

a chance to earn more in a year, hence increasing the average degree of
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individual advancement D2 of the community. Approximately after 100 years,
corresponding to the time when the living conditions in commumity Ci has
deteriorated to sufficiently low values, the migration of people from comhunity
C2 to commumnity C1 reaches almost negligible values; consequently, the average
population density Eé again starts increasing due to the average rate of
population generation 5{2) and simulfaneously the average degree of individual
advancement ﬁé of the commmity starts decreasing. ‘

Figure 3 presents the results for the variation of the average migration
flux densities to the commmities. During the first ten years after the
establishment of the excess available wealth in commmity Cl’ there exists

- substantial levels of average migration influx to commmity C1 from the
external surroundings Ce and the second community C2 due to the rapid in-

1
However, as the average population density Bi of the commmity increases and

crease in the average degree of individual advancement D, of the commmity.

the average degree of individual advancement starts deteriorating, according
to the conditions of the advancement potential, the migration fluk density
to the community rapidly decreases; and after approximately twenty years
the inhabitants start migrating to the external surroundings Ce from the
community Cl'

The migration out-flux from commumity C2 to the external environment
Ce decreases gradually as the average degree of individual advancement ﬁé
increases. As a result of the rapid improvement of the living conditions in
commumnity Cl’ during the first ten years, there exists a substantial level
of migration from community C2 to commumity Cl“ However, as the commumnity
C1 starts deteriorating, this migration flux density rapidly decreases and

ultimately vanishes as the both communities attain approximately the same

levels of advancement,
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The net migration flux 51 to the community C1 from the external surround-
ings Ce and the community Cz increases very rapidly in the first ten years
and reaches the significantly large value of approximately 11 inhabitants/hnz
year, simultaneously with the initiation of the decrease of the average de-

gree of individual advancement, after ten years, the net migration flux ?1—1
to the commmity also starts decreasing. However, for approximately fifty

years the migreation flux ?1'1 retains positive values, i.e., the inhabitants
continue to move to commmity C1 regarﬂess of the rapidly deteriorating
behavior of the living conditions, umtil the average degree of individual
advancement of the commmity drops to the level of the other coommities in
the system.

GENERAL CONCLUSIONS

The general theory presents a novel mathematical formulation for the
natural phenomena of human habitation between interacting commmities based
on a modified Application of the new theories in Biophysics.

The formulation quantitatively incorporates the migration phenomena
between the coommnities and the ultimate effects of the migrations on the
- overall living standards of the commumities.

The average living conditions of the inhabitants are simultaneously
analyzed, together with the population of the communities; hence, the proposed
theory, for the first time, succeeds in incorporating the essential and con-
tinuously changing effecté of the well beings of the inhabitants in the for-
mulation of dynamic, population ekistics problems.

Aé consequences of the potential laws for the migration phenomena, the
propbsed theory concretely establishes the type of statistical data that needs
to be compiled about the attitudes of the inhabitants of the commumities; and

furthermore, it indicates the universal applicability of this data for the
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analysis of the human habitation problems under different conditions of the
comumnities.

The differential equations associated with the general theory clearly
show, in mathematical, quantitative form, the potential danger of population
explosion in any commmnity to the overall interacting system. Furthermore,
the differential equations which govern the living sténdérds of the inhabi-
tants in the commmities clearly establish in quantitative form the well
known quantitative hypothesis that the population explosion can be consider-
ably more detrimental in affluent commmities than in under-developed ones.

The application of the theory to a simple, hypothetical problem, about
the interaction of two initially under-developed commmities with each other
and the large external surroundings, establish quantitative results of signi-
ficant importance in relation to the development of an under-developed com-
munity by the sudden introduction of large scale financial opportunity in
the particular commmity only.

The quantitative solutions clearly show that it is indeed futile to ex-
pect a community to attain high standards of living conditions by improving
the financial opportunity only in that particular community. The unavoidable
existence of the migratory phenomena between the commmities always increases
the population of the commmity to such a level that the living standard
ultimately deteriorates to a considerably lower level than the originally:
desired one. Indeed, paradoxically, the sudden increase of the economical
potential of only one community in avsystem of communities ultimately leads
to living conditions worse than the other commumity's with significantly
high population density and donsiderably low degree of individual advance-
ment of the inhabitants.

Consequently, the application of the theory to a simple hypothetical
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problem quantitatively leads to the fundamentally imporﬁant conclusion that
as long as the inhabitants have the tendency to migrate to improve their well
being, the living standards of a simple commmity can never be improved above
the standards of the other commmities. Indeed the improvement of the living
standards in any one commmity can only be established by improving the living
standards at an equivalent amount in all the commmities of the system simul-
taneously.

In conclusion, the mathematical theory presents a quantitative formulation
of the general dynamic population ekistics problem which can be applied to
~any realistic problem of any complexity for the analysis of the human habi-

tation phenomena in any specified system of commmities.
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